We show nonrelativistic (NR) giant magnon dispersion relations by probing the torsional Newton Cartan (TNC) geometry with (semi)classical nonrelativistic rigidly rotating strings. We construct NR sigma models over R × S 2 and consider two specific limiting cases those are of particular interest. Both of these limiting conditions give rise to what we identify as the small momentum limit of the giant magnon dispersion relation in the dual SMT at strong coupling. We further generalize our results in the presence of background NS-NS fluxes. Our analysis reveals that unlike its relativistic counterpart, the NR string theory lacks of single spike solutions. *
Overview and Motivation
The quest for a UV complete theory of nonrelativistic (NR) gravity gives rise to what is known as the NR formulation of string theory [1] - [2] over curved manifolds. Recent advances along this line of research reveals the existence of two parallel formulations of NR string sigma models those at the first place appear to be quite distinct from each other. One of these formulations goes under the name of Newton-Cartan (NC) formulation of NR string sigma models [3] - [11] whereas on the other hand, the other approach is based on the so called null reduction of Lorenzian manifolds known as toraional Newton-Cartan (TNC) geometry 1 [12] - [24] . It has been conjectured that 1/c limit of TNC sigma model (thus obtained via null reduction of AdS 5 ×S 5 (super)strings) is dual to λ → 0 limit of the full N = 4 SYM spectrum on R × S 3 known as the Spin Matrix Theory (SMT) [12] , [15] . Keeping the spirit of the above conjectured duality, the purpose of the present article is therefore to check whether the NR analogue of the relativistic giant magnon spectrum [25] - [31] is actually reproducible considering 1/c limit of TNC sigma models on R × S 2 . Below we further elaborate on this taking specific example from N = 4 SYM.
The single spin magnon excitation in N = 4 SYM theory is expressed in the form of the dispersion relation [25] ,
where, λ is the coupling constant in the dual gauge (SYM) theory. On the other hand, the effective t'Hooft coupling (g) of the SMT [15] is related to the N = 4 SYM coupling with the rescaling of the form, g = c 2 λ where c(→ ∞) is the speed of light and |λ| 1 such that g is finite. Rewriting (1) in terms of SMT coupling and considering the small momentum (|p m | 1) limit we find,
which in the limit of strong (g 1) coupling finally yields,
where we understand the limit, pm c 1 such that the R.H.S. of (3) is finite in the limit of strong coupling. The purpose of the present paper is therefore to reestablish the above strong coupling result (3) from classical NR sigma model calculations on R × S 2 [22] where we identify the giant magnon momentum on the R.H.S. of (3) as being some effective geometrical entity (|∆ϕ m |) on the dual string theory side [26] at strong coupling.
As a further continuation of our analysis, we explore single spin giant magnon dispersion relation in the presence of background NS-NS fluxes. There have been several reasons for studying giant magnon as well as single spike solutions in the presence of NS-NS fluxes [30] - [31] . The most important one goes under the name of "flux stabilization" which states that the background NS-NS fluxes sort of stabilizes D branes (wrapping S 2 ) from shrinking it to zero size. The Page charge associated with such D brane configurations is measured in terms of flux associated with the two sphere namely, Q D ∼ S 2 B which takes quantized values on the world-volume of the D brane. The other reason for considering NS-NS fluxes stems from the fact that the background magnetic filed naturally breaks supersymmetry as it couples differently with particles (magnons) of different spins [30] . Therefore such a configuration is more appropriate in a less supersymmetric setup which is what we are concerned here.
Nonrelativistic magnons 2.1 NR sigma model
We start with the Nambu-Goto (NG) action for TNC strings [12] on R × S 2 ,
where, the corresponding Lagrangian density could be formally expressed as [22] ,
Here, ζ is the additional compact direction associated with the null reduced target space geometry along which the string winds [12] - [13] . On the other hand, ε 01 = −ε 01 = 1 is the 2D Levi-Civita symbol together with,
The next step would be to take the so called large c(→ ∞) limit [12] associated with the world-sheet d.o.f. which thereby yields the NR sigma model,
dτ dσL N G (7) together with the rescaled Lagrangian (density) of the following form [22] ,
where, g = c 2 λ is the effective string tension [13] in the NR limit. Following NR sigma model/SMT duality [15] we understand g( 1) as the coupling constant on the dual gauge theory side such that the corresponding SYM coupling (λ) is considered to be weak.
In order to proceed further, we choose the following parametrization [28] for the rigidly rotating NR strings over R × S 2 namely,
which upon substitution into (8) yields,
The equation of motion that readily follows from (10) could be formally expressed as,
The above equation (11) could be integrated once to obtain,
which is subjected to the realization of the following constraints,
where C being the constant of integration. In the subsequent analysis, we further impose constraints on the parameter space of solutions namely, κ 1 and C+ κ 1.
The spectrum
Our next step would be to compute the conserved charges associated with the 2D sigma model. We first note down the energy associated with the NR stringy configuration,
Like in the relativistic example [28] , requiring the fact that the above entity (16) to be real, we find the following two bounds on the azimuthal angle namely, (I) α 2 β 2 < sin 2 θ 2 < ξ 2 η 2 and (II) ξ 2 η 2 < sin 2 θ 2 < α 2 β 2 . Keeping these facts in mind, our next step would be to explore the dispersion relations in the following two limits namely, |η| → ξ as well as |β| → α.
However, before getting into that, it is customary first to note down the second conserved quantity namely the angular momentum,
as well as the angular difference between the end points of the solitonic excitation,
With these above set up in hand, we are now in a position to explore various limiting conditions associated with the 2D sigma model. The first limiting case we are interested in is |η| → ξ. In order to explore this limit, it is first customary to rewrite (16) as,
where we set the upper limit of the integral 2 ,
together with the lower limit,
Clearly, the limit |η| → ξ stands for setting γ max = π/2. Next, we implement the above limit into (12) and find,
Using (22) , the angular difference between the end points of the string soliton turns out to be 3 ,
2 The physical picture that we have in mind is that of a string soliton wrapping along the equator of S 2 whose excitations (magnons) travel with a specific momentum, |p m | 1. 3 Here we rescale the azimuthal angle, |∆ϕ m | ≡ cos γ min |∆ϕ| which we further identify as being the effective geometrical angle which corresponds to giant magnon momentum (|p m | 1) in the dual SMT sector at strong coupling.
which for a specific value γ min = π 3 yields,
On the other hand, a straightforward computation reveals the dispersion relation,
where we note down the constant shift,
In order to identify (25) to that with the actual magnon dispersion relation (3) below we define the difference between the limits of the integral,
A careful look at the stringy embedding further reveals that, δγ ∼ |∆ϕm| |∆ϕ| . In order to arrive at the NR magnon dispersion relation one must therefore set the limit 4 , |δγ| 1 which upon substituting into (26) yields, ∆ ∼ δγ ∼ |∆ϕ| together with, |∆ϕ m | ∼ pm c ∼ (δγ) 2 . Putting all these facts together, we finally arrive at the cherished giant magnon dispersion relation of the following form,
which we interpret as single spin giant NR magnon in the dual SMT at strong coupling. The other limiting condition we are interested in is the following,
and,
where, we set |β| → α which thereby yields, γ max ∼ π 2 . Substituting this limit into (12) one exactly recovers (22) and thereby the original NR magnon dispersion relation (28) . This observation is related to the underlying fact that unlike the relativistic example [27] - [28] both the conserved charges (E and J ϕ ) as well as the deficit angle (∆ϕ) are invariant under the exchange of the limits of the integral namely, γ max ↔ γ min . The absence of single spike solutions [28] is what we identify as a special feature of NR string sigma models (over R × S 2 ) in contrast to its relativistic cousins.
Adding NS-NS fluxes 2.3.1 1/c limit
We now generalize our results in the presence of background fluxes [23] and in particular confine our attention only to the NS-NS sector. Under these circumstances, the sigma model Lagrangian on R × S 2 could therefore be formally expressed as,
where we identify the new NS-NS contribution [23] ,
together with the following specification,
where, X M s are the so called embedding coordinates 5 along with B ζµ = 0, b ζ = 1 [23] . Our next step would be to take 1/c limit of (31). The scaling limit corresponding to NS-NS fluxes are introduced as,
together with [22] ,
Using (9) and (34), we finally obtain NS-NS contribution in the NR limit 6 ,
where we identifyB as rescaled background magnetic field [30] - [31] with fluxes attached to S 2 . From (36), it is quite evident that the background NS-NS fluxes do not affect the equation of motion corresponding to θ(σ) and hence for example, the poles appearing above in (19) also remain unchanged.
Dispersion relation
Below we note down conserved charges and their respective modifications due to the presence of background fluxes. To start with, notice that the energy (19) associated with the classical stringy configuration does not receive any correction due to the presence of NS-NS fluxes. Furthermore, the deficit angle (18) between the end points of the string remains unchanged too. Therefore the only change that appears to be in the dispersion relation (28) is through (17) namely,
where we note down the constant shift in the angular momentum as,
Finally, using (27) and (38) and considering the geometrical analogue of the NR limit (|δγ| 1) we arrive at the giant magnon dispersion relation of the following form,
where we identify the R.H.S. of (39),
as the effective NR magnon momentum in the presence of background NS-NS fluxes.
Summary and final remarks
The conclusion as well as key observations of the present paper is as follows. We reestablish the strong coupling nonrelativistic (NR) giant magnon spectrum strating from NR rigidly rotating strings over torsional Newton-Cartan (TNC) geometry with R × S 2 topology [14] . We further generalize our results considering background NS-NS fluxes and obtain effective NR magnon momentum in the presence of background magnetic field. All these findings strongly indicate towards NR sigma model/SMT correspondence [12] . However, quite surprisingly, we also notice that unlike its relativistic counterpart [28] , the NR sigma model lacks of single spike solutions. We identify this as a special feature associated to 1/c limit itself which may be of worth exploring further in the near future.
